


Learn a specific technique which shows how
changes in one of a system’s parameter
(usually the controller gain, K)
will modify the location of the closed-loop poles

in the s-domain.




» The closed-loop poles of the negative feedbac

.

R(s)o—» K | Gs) fg—e 17s)
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are the roots

uation:




» The value of s in the s-plane that make the loop gain
KG(s)H(s) equal to -1 are the closed-loop poles

(i.e. )

1+ KGgs)H (s)=0 < KG(s)H(s)=—
» KG(s)H(s) = -1 can be’split into two equations by
equating the magnitudes and angles of both sides of
the equation.




KG(s)H(s)=-1 ATH
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/KG(s)H(s)=+180° (21 +1) T X
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£ Independen







Sketch the root locus of the following system:

-

1

1+
R(s) K mM561)s2) ‘I—Q

2)  Determine the value of K such that the damping ratio { of a pai
dominant complex conjugate closed-loop is 0.5.




Assuming n poles and m zeros for G(s)H(s):

» The n branches of the root locus start at the n poles.
» m of these n branches end on the m zeros

» The n-m other branches terminate at infinity along asymptotes.

First step: Draw the n poles and m zeros of G(s)H(s) using x and o
respectively




Draw the n poles and m zeros of
G(s)H(s) using x and o
respectively.

Gls)H(s)= s(s +1§(s +2)

» 3 poles:
P1=0; p=-1; p3=-2

» NoO zeros




Draw the n poles and m zeros of
G(s)H(s) using x and o
respectively.

Gls)H(s)= s(s +1§(s +2)

» 3 poles:
P1=0; p=-1; p3=-2

» NoO zeros




» The loci on the real axis are to the left of an ODD number o
poles and REAL zeros of G(s)H(s)

Second step: Determine the loci on the real axis. Choose a arbitrary t
point. If the TOTAL number of both real poles and zeros is to the
RIGHT of this point is ODD, then this point is on the root locus




Determine the loci on the
real axis:

» Choose a arbitrary test
point.

» If the TOTAL number of
both real poles and
zeros is to the RIGHT of
this point is ODD, then
this point is on the root
locus




Determine the loci on the
real axis:

» Choose a arbitrary test
point.

» If the TOTAL number of 5 . 4l
both real poles and ' '

zeros is to the RIGHT of
this point is ODD, then
this point is on the root
locus




Assuming n poles and m zeros for G(s)H(s):

» The root loci for very large values of s must be
asymptotic to straight lines originate on the real

point:
Z P; _Z Z;
s=a=- n mm
radiating out from thii§6j, Tt les:
T+ +
A= n:ttrzn 2

Third step: Determine the n - m asymptotes of the ro
Locate s = a on the real axis. Compute and draw
Draw the asymptotes using dash lines.




Determine the n - m asymptotes:

» Locate s = a on the real axis:

_p+p,+p, 0-1-2
3-0 3

S=« -1

» Compute and draw angles:
£180(21+1) 1=0,1,2,...

¢I - N—m
( + O
; = +180 (2><0+1):i600
— 3_0
_|_
4 = _1803(2(>)<1+1):i1800

» Draw the asymptotes using
dash lines.




Determine the n - m asymptotes:

» Locate s = a on the real axis:

_p+p,+p, 0-1-2
3-0 3

S=« -1

» Compute and draw angles:
£180(21+1) 1=0,1,2,...

¢I - N—m
( + O
; = +180 (2><0+1):i600
— 3_0
_|_
4 = _1803(2(>)<1+1):i1800

» Draw the asymptotes using
dash lines.




» The breakpoints are the points in the s-domain where multipl
of the characteristic equation of the feedback control occur.

» These points correspond to intersection points on the root locus.




Given the characteristic equation is KG(s)H(s) = -1

» The breakpoints are the closed-loop poles that sati

dK o
ds

Fourth step: Find the breakpoints. Express K such as:
-1

G(s)H(s)

Set dK/ds = 0 and solve for the poles.




Find the breakpoints.

» Express K_Si,ICh as:
K= =—s(s+1)s+2)
G(s)H(s)

K =-5%-3s%—2s

» Set dK/ds = 0 and solve for
thepolps. 2 =0

s, = 15774, @—0.4226




Find the breakpoints.

» Express K_Si,ICh as:
K= =—s(s+1)s+2)
G(s)H(s)

K =-5%-3s%—2s

» Set dK/ds = 0 and solve for
thepolps. 2 =0

s, ==%5774, @—0.4226




Assuming n poles and m zeros for G(s)H(s):

» The n branches of the root locus start at the n poles.
» m of these n branches end on the m zeros

» The n-m other branches terminate at infinity along asymptotes.

Last step: Draw the n-m branches that terminate at infinity along
asymptotes




Draw the n-m branches that
terminate at infinity along
asymptotes




» Points on imaginary axis

satisfy: i
Ys=jw

» Points on root locus satisfy:
1+ KG(s)H(s)=0

» Substitute s=jw into the
characteristic equation and

NS Y G o2




1) Sketch the root locus of the following system:

1

1+
R(s) K mM561)s2) ‘I—Q

2)  Determine the value of K such that the damping ratio { of a pai
dominant complex conjugate closed-loop is 0.5.

%

See class notes




The Root Locus Method
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The Root Locus Method

The root locus is a graphical procedure for determining the poles of a closed-I
given the poles and zeros of a forward-loop system. Graphically, the locus is th
paths in the complex plane traced by the closed-loop poles as the root locus gain
from zero to infinity.

In mathematical terms, given a forward-loop transfer function, KG(s)
where K is the root locus gain, and the corresponding closed-loop transfer function

KG(s)

1 + KGis) - _.%)_. - "

the root locus is the set of paths traced by the roots of

1 +KG(s)=0

as K varies from zero to infinity. As K changes, the solution to this equation change
This equation is called the characteristic equation. This equation defines where t
will be located for any value of the root locus gain, K. In other words, it defin
characteristics of the system behavior for various values of controller gain.




The Root Locus Method
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The Root Locus Method

1 + KGis) =0
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[r.KEriocus sys)




The Root

Locus Method
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sopef1 1] =1 5 80]; syutfip.q); docusisys)
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wopefd 1];q=[1 5 80]; syumtiip.q); [rM]=rlocusizys}; plotir,s'
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The Root Locus Method
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The Root Locus Method

No matter what we pick K to be, the closed-loop system must always have
n is the number of poles of G(s).

The root locus must have n branches, each branch starts at a pole of G(s) an
zero of G(s).

If G(s) has more poles than zeros (as is often the case), m < n and we say that
zeros at infinity. In this case, the limit of G(s) as s -> infinity is zero.

The number of zeros at infinity is n-m, the number of poles minus the number o
and is the number of branches of the root locus that go to infinity (asymptotes).

Since the root locus is actually the locations of all possible closed loop poles, fro
root locus we can select a gain such that our closed-loop system will perform the
want. If any of the selected poles are on the right half plane, the closed-loop system
be unstable. The poles that are closest to the imaginary axis have the greatest influen
the closed-loop response, so even though the system has three or four poles, it may
act like a second or even first order system depending on the location(s) of the d

pole(s).




Exam p I e Hote: This controller has adjustable gain. Lfter this desizn
‘ 15 bonlt we must anticipate that all values of K will be

used. [t 18 our responsibility to rake sure that none of
. the possible K values will lead to mstabihtsy.

+ _“n‘
--Oirg - | ! L
&5
)

F(s1 = Hizn =1

|

First, we must develop a transfer function for the extive control systern.

F(3) _ (%J E

Fyls) = = =
1+ s 1H( 5 s+ E
(B

Mext, weuse the charactenstic equation of the denoranator to find the roots as
the walue of E. warles. These can then be plotted on a cormplex plane. Hote:
the walue of gain 'K 1z normally found frorn O to +ixdinity

s+E=0 K root .
Jm.l.
1]
1 E = E=0 =
2 — =} ;- -
3
eto..

Mote: becanse all of the roots for all values of K are real negatmee this systern will
always be stable, and it will always tend to have a daraped response. The large the
value of F, the more stable the systern becomes.




Example

MATLAB Example - Plotting the root locus of a transfer function

Consider an open loop system which has a transfer function of
G(s) = (s+7)/s(s+5)(s+15)(s+20)
How do we design a feedback controller for the system by using the root locus
Enter the transfer function, and the command to plot the root locus:
num=[1 7];
den=conv(conv ([l 0], [1 5]),conv ([l 15],[1 2071)):;
rlocus(num,den)
axis([-22 3 -15 15])
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G rap h |Ca| iGrven the systern elements (you should assure negatrve feedback),

Method Gs) = —— Hig = 1

s +35+2

Step 1: (put eguation in standard form)

1+ 31 H = 1 +[ﬁ
5 5

Step 2: (find loci ending at mfinity)

_ 1
J(” 1+KI:.S+1]|:5+2:|

m=0 n=12 i from the poles and zeros of the previons step)
n-m=2 {loci end at infinity)

Step 3: (plot roots)
Jo

A
—— -"
-2 -1
Step 4: (find asyraptotes angles and real ans mtersection)

Bl = %jﬁ” ke 10,17 ;
By = 180°2@1+1) _ gge

2 /
ety = EECD*D) < g —— -

Z My=1-2% _
T 5 1]




Graphical |
step 5 (find the breakout points for the roots)
MethOd A=1 E‘=52+35+2

d d
—4A=10 —F = 2:+3
ds ds g

ﬂ%ﬁ)—ﬁ(iﬂ) = 0

I(2s+3) - (5 +3s+2907 = 0

Yo

2:+3 =10
s =-=15

Note: becanse the loci do not intersect the rmaginary axds, we know the systern will be
stable, so step 6 is not necessary, but we 1t will be done for ustratrve parposes.

Step 6: (find the irmaginary intercepts)
1+ G Hizyi=10

1+E_ 1 =g

52+35+2

S H3s+2+E = 0

Ge)l +ige) +2+E =0

i +3o+2+E =10

m2+m[—3jj+[—2—ﬁij =1

oo Bt «l'rE—Er':lz—dhi—E k) _ 3 SITEIIE _ 3+ AT

[ this case the frequency has an rnagmary value. This reans that there will be no
frecuency that will mtercept the raammary aas.




‘4 Root Locus Design: Gservo _ O] x|
Root Locus Design GUI (rltool) File Tools Window Help ‘
Current Enrgpaniannsatur 7]
The Root Locus Design GUI is an i — e _
interactive graphical tool to design 1] 2 o [an T L
compensators using the root locus method. /
This GUI plots the locus of the closed-loop

poles as a function of the compensator
gains. You can use this GUI to add
compensator poles and zeros and analyze
how their location affects the root locus and

various time and frequency domain \
responses. Click on the various controls on

the GUI to see what they do.
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